The structure of one-dimensional flames is shown to be completely determined by constants such as those of heat conductivity, of diffusion, and of the homogeneous reaction rates. The mathematical problem in the most general case is intractable, but three simple cases are solved fully by a mathematical method of successive approximations. The three cases are those in which diffusion is neglected compared with heat conductivity and in which reaction velocities of the following types are considered: unimolecular, bimolecular, and the quasibimolecular form of a unimolecular reaction at low pressures. The method of mathematical approximation is shown to involve errors of the order of only 10 % in some actual cases, an error which is negligible compared with other uncertainties of the problem. In these simple cases it is possible to solve all details of the structure such as the variation of composition and temperature through the flame.
I n t r o d u c t io n
The propagation of flames is an extremely im portant natural phenomenon, yet the theory of the structure of flames has been very little developed. Here we shall give a contribution to the quantitative calculation of the structure by giving m athe matical solutions for some simplified models, which however contain all the essential features of the general problem.
Before proceeding with the detailed calculations it appears worth while to show ju st w hat are the difficulties in quantitative theoretical predictions of the structure of any flame. The difficulties are twofold, first, even if we were given all necessary data, the mathematical problem when formulated is a particularly intractable one for either analytic or numerical solutions, and secondly, very little of the necessary d ata is available for any actual flame. The data necessary are the rates of all the reactions occurring in the flame and their dependences on tem perature and con centrations, and also the heat conduction and diffusion constants of all components of the mixture. The necessary data will presumably become more readily available as a result of further experimental measurements and theoretical quantum cal culations, but considerable work will have to be done on methods of solution of the mathematical problem. The present calculation provides some progress towards this.
There appears to be no difficulty in the general mathem atical theory of the structure and mode of propagation of steadily moving plane flames. The well-known process of reactions evolving heat and new particles, and of heat conduction and diffusion provide a complete explanation of flames which move sufficiently slowly th a t appreciable pressure waves are not set up. I t is to this class th a t the ordinary designation of flames is usually applied and to which we shall be confining our attention in this paper. If we consider a plane flame in a medium which is moved a t such a rate th a t the flame is stationary all concentrations, etc., will become merely functions of the co-ordinate perpendicular to the flame front, which we shall repre-[ 90 J sent by
x. If we examine in turn the rate of accumulation of any component or energy in a thin region 8x and equate these to zero, since in this steady state there ca rate of accumulation, we obtain all the differential equations of the structure of the flame.
Let yx represent the temperature and y2,y3, ■■■,yn+i all the concentrations (as fractions of the total mass) of all the different chemical species. Then the flux of the (r)th component across any unit cross-section will be a linear combination of all dv the concentration gradients -2 Ks > where Ars will be given coefficients of heat conduction or diffusion. Hence the rate of accumulation in is ~ SArQ-^-This ax ax applies equally whether we are considering the first component, which is the tem perature, or one of the concentrations. The amount of the (r)th component passing across a unit cross-section due to the movement of the medium is Myr, where M is the total flow; M must be a constant for the whole system, since there cannot be any accumulation of total mass. Hence the accumulation of the (r)th component in x dyr
The structure of the reaction zone i must be M 8x due to the difference of the flux at each side of the thin layer. It must be noted that yx is something of an exception in this case, since the e contains terms dependent on the work done by the pressure in this case, and for d complete accuracy in the general case we must use a term --2 csdys in which C L ju the effects of differing specific heats are also allowed for. Lastly, the rates of accumu lation due to the generation in the reactions we can write £ir8x where each of these will be some definite function of all the ys. Hence we have the equations
In addition to this we shall know the values of at = -oo; they will be just the concentrations in the unreacted mixture which is provided in the particular experi ment. The values at x = oo will be calculable from ordinary equilibrium gether with the heat generated in the reactions. Representing these initial and final values as y\ and r{ the mathematical problem is to find solutions for the yr as functions of x which satisfy the differential equations and the boundary conditions, together with the value of M which makes it possible for all these conditions to be satisfied simultaneously. This is actually an eigenvalue problem for the value of , and even when the values of Ars, Cs and Mr are all given it is a singularly intractable problem. It might perhaps be stressed that this is the essential nature of the problem and any attem pt at solution for simplified models which do not have this essential nature of M being determined by making the solution of one or more differential equations satisfy the boundary conditions cannot be a valid approximation. Since M is the mass flux of the medium in the steady state it is the velocity of the flame expressed by giving the mass of the medium through which unit area of the flame moves per unit time.
There appear to have been only two previous attem pts to make predictions of flame velocities on the basis of models of the flame structure from such considera tions. An attem pt by Zeldowitsch & Frank-Kamenetzki (1938) is on these lines, reducing the system to one differential equation and then making an estimate of a solution by a tem porary neglect of one of the terms of the differential equation. I t is hard to estimate the significance of this, but it does n o t give a systematic method of successive approximation to the solution of the differential equation. In the other attem pt, by Lewis & von Elbe (1934) , a number of ad hoc approximations are intro duced into the problem and so far as the authors can trace the proper method of determining M by making the solution fit all the boundary conditions is not used.
The simplified models which we shall treat systematically in this paper are those in which a single reaction occurs, for which we shall consider both unimolecular reactions and bimolecular reactions, and in which diffusion is neglected and only heat conduction considered. The actual circumstances to which such a picture might apply accurately are probably only those of a reaction propagated through a liquid. If an exothermic reaction takes place in the upper layers of a liquid the reaction could be propagated downwards through a metastable liquid in a manner exactly equivalent theoretically to a flame. I t is conceivable th a t such a method might actually be used for the measurement of a particular fast liquid reaction velocity by using one of the formulae of this paper in a reverse sense. However, this was not the aim in performing these calculations. The simple cases were taken because they were possible to solve and would provide formulae for the propagation velocities which were of the correct nature. I t was hoped th a t these could be used as crude approximations for gaseous reactions even though diffusion does occur in these. Actually these formulae did not prove as useful for making predictive esti mates for the particular flames in which the authors were interested as had been hoped. Detailed examination indicated th a t the circumstances were too com plicated to be represented by a single reaction. However, the fact th a t it was possible to carry out the complete analysis for these simple cases appeared to be very helpful in the general understanding of the actual processes in flame, and in estimating w hat factors were of importance in determining variations of propagation velocities.
We shall now proceed to carry out the mathem atical analysis for these simplified models.
M a t h e m a t ic a l t h e o r y o f t h e p r o p a g a t io n OF A FLAME BY THERMAL REACTION
We shall examine the steady propagation of a plane reaction zone through a homogeneous medium with the following properties:
(i) the medium is capable of a single reaction whose rate a t any point in the medium is determined solely by the tem perature, pressure, and the stage to which the reaction has already proceeded a t the point;
(ii) diffusion is small enough to be neglected in the time concerned;
(iii) the velocity of movement of the reaction zone is sufficiently slow th at the pressure is effectively constant through this zone.
The general analysis would apply to a flame in a gas, or the movement of a reaction zone in a solid or liquid provided the above conditions were fulfilled. We shall examine the general case, and then some special cases in which constant specific heats and thermal conductivities, together with activation energy formulae for the reaction rates, are assumed. The general case can always be integrated numerically when the necessary data are available, and in the special cases explicit formulae for the rate of burning can be obtained.
We examine the structure of a steadily moving plane reaction zone. We take an x axis of reference perpendicular to the plane, so th at the condition of the medium is dependent only on x, and independent of y and z. We take an origin moving w ith the reaction zone, so th at relative to our axes of reference the unreacted medium moves from the direction of negative x, and after passing through the reaction zone the products pass towards x = oo. All properties of the system When U is the velocity of the medium a t any point, the rate at which any property A of a small given portion of the medium varies with time is given by
The structure of the reaction zone in a flame
U will alter as we pass through the reaction zone. The quantities whose variation through the reaction zone as required are U the velocity, V the volume per unit mass, T the temperature, and e the fraction the reaction has progressed towards completion. We can immediately obtain a relation between U and V. If we consider the material moving along a cylinder with walls parallel to the x axis and of unit cross-section, it is apparent that the same mass is moving across any cross-section of this per unit time, and representing this by M, we have
Since the pressure is constant, V must be a function of T and e only, known from the equation of state for the medium with a given e.
The energy crossing any normal section of the cylinder must be a constant, or energy would accumulate or disappear between two cross-sections. The energy flow is composed of:
(а) the intrinsic energy E per unit mass, transported by the mass flow; (б) the work done by the material on one side of the section by its pressure on the material on the other side of the section; (c) the flow of heat due to thermal conductivity. The flow by conduction at large distances from the reaction zone will be zero on both sides. Denote the conditions at a large distance before the reaction zone by T0 > V0, etc., and at large distances past as Tm, Vm, etc. Then we have which gives
H is the total heat content per unit mass. We need a further relation, which is supplied by consideration of reaction velocity. The homogeneous rate, expressed as de/dt, will be a initial assumptions. Hence we have (5) Equations (4) and (5) can be w ritten in terms of e and T alone, since H will be a known function of e, T and V, and the latter can be eliminated by using the equa tion of state. In this way we can obtain two differential equations in e, x and T, which can be simplified by dividing one by the other, giving
( ' This is possible only because x does not appear except as dx. In more general cases th an we are considering in this paper, x may appear explicitly; this happens when, for example, the phenomena in the flame zone depend on the distance from some solid boundary. In such cases there is no point in forming (6). In our case, however, this step is useful because the problem can be solved from equation (6) alone. I f distances in the flame zone are of interest the results can be substituted in (4), giving the relation between x and To r e. We require the integral of (6) which is such th a t T = T0 when -0, and T = when e = 1.
T0 is the tem perature a t a large distance inside the unreacted mediu the initial tem perature, which is known in any particular set of experiments. Tm follows from this by the relation
where Hm is the total heat content for e = 1, and H0 refers to = 0.
Tm is the tem perature of burning a t constant pressure, easily calculated from thermochemical data.
Equation (6) is a first-order equation, and its solution is determined by the p ara meters of the equation, together with one pair of corresponding values of e and T. The solution determined by the condition a t T0 will in general not fulfil the condition a t the upper limit
Tm. There will be one value of M for which both co satisfied; this determines the only velocity possible for a steadily moving reaction zone. This value of Mi s a function of the other param eters in the equation The form of the equations ensures th a t e and T remain constant beyond the point where e = 1 and T -Tm. This has the result th a t we can restrict our attention to the equation for de/dT, when trying to find the correct value of M. No m atter whether the point e = 1, T = Tm is th a t everywhere beyond this point the outgoing gases will be a t the tem perature Tm and will be completely reacted, which is necessary for a physically satisfactory reaction zone. A t distances which are large compared with the effective thickness of the flame, the gas may be subjected to cooling and consequent changes of com position, but these cannot affect the rate of burning. The only influences which can have any effect on the rate of burning are those which can act in the region where by far the greater part of the reaction takes place.
As the problem is solved by choosing an arbitrary parameter in a differential equation so th at it has a solution which satisfies several boundary conditions, the problem is essentially the determination of an eigenvalue. The very general form in which we have left the various functions such as the heat content data, makes no difference to the principles of solution of the problem. We shall of course make much more special assumptions in following sections, but we shall not need to introduce any other general ideas of the reaction zone.
The velocity of the reaction relative to the unburnt medium is MV0. The corre sponding relation between e and T is the solution of (6) with the proper value of M ; finally, the ( x, T) relation can be found by substituting in (4). This provides a sc of distances for the variation of T and e through the reaction zone.
A SOLUTION BY SUCCESSIVE APPROXIMATIONS
We shall now examine three simple cases which can be integrated explicitly by a method of successive approximations. These cases correspond to simple forms of the reaction rate which are frequently found in practice. The method of successive approximations is not necessarily restricted to these cases.
We shall limit our examination to a zone in perfect gases with constant specific heats per unit mass. All these assumptions will be discussed fully in appendices.
If Qm is the heat of reaction at constant pressure at the temperature Tm of the final products, we have
where Cp is the specific heat of the reactant and that of the products, both at constant pressure. It would be possible to integrate this case if the problem required this refinement, but since a simpler case is adequate for our purposes we shall put Cp = Cp = C. We can also write Q instead of Qm, since now the heat of reaction is independent of the temperature. Thus finally
H-Hm=(l-e)Q + (T-TJC, ,, .
A dT so that -M dx and substituting in (6),
In a simple reaction in which molecules of molecular weight W give molecules of molecular weight w, the equation of state is
T V where n = -1, and R is the gas constant per mole.
I f the reactant consists of more than one type of molecule with different molecular weights, this equation will have the same form bu t with a different value of n.
We shall derive formulae for the rate of burning associated with three types of homogeneous reaction: (I) a first-order rate from a unimolecular mechanism; (II) a second-order rate from a bimolecular reaction; (III) a second-order rate as the low pressure result of a unimolecular breakdown. These are described by the S. F. Boys and J. Comer values of dejdt as functions of e, V and T.
(II)
The values of the constants will be discussed when the results are applied to particular cases.
Substituting in (10), we have
The essentials of the method of integration are the same in all cases, b u t case (III) is simplest in algebraic detail, and we shall consider this first. From (11) and (17), the relation between e and T is
2R iT 2(l+ ne){Q (l-e) + C (T -( '
This equation cannot be integrated exactly. Near the outer boundary of the reaction zone T -Tm and 1 -e are small, and these terms determine the behaviour of the solution in this region. All other functions of and can be given the values corre sponding to T = Tm and e = 1. The equation thus simp a t large distances, where T -Tm and 1 -e are sufficiently sma solution of the original equation satisfying the boundary condition th a t when e = 1. This (e, T) relation will then be used in the awkward cou make (18) integrable by quadratures. This provides us with a second approxim ation to the solution of (18). We shall not go beyond this order of approximation, because comparison with step-by-step integration of the differential equation has shown th a t the accuracy is ample for our purpose; moreover, the next approxim ation equation would be as difficult to solve analytically as the original equation itself. I t is not possible to stop a t the extremely simple first approximation, because the error in the rate of burning, as compared with an accurate numerical solution of the equations, is a factor of about three. The error in the second approximation has not been more than 15 % in those examples which we have tested; these belonged to case (II), and the errors are presumably of the same order of magnitude in cases (I) and (III). where D3 is defined by this equation. Hence
The boundary condition T -Tm when e -1 , is 0 when £ = 0. The solution of (20) which satisfies this condition is
Inserting this in the coupling term of (18), we have as the equation for the second approximation,
de _ \ B 3P2W2(C + D3)exj>( -A dT ~~ M 2R2(1 +ne) QD3
of which the integration is immediate:
This contains one parameter which is still arbitrary, namely M. This we must choose so that the solution satisfies the boundary condition at the beginning of the flame, th at e = 0 when T = T0. When T is small, e~A/RT° is effectively zero in com parison with e~A/RTm, and so the equation which must be satisfied by M is I I » IB3P*WHC + D3)(B\ I a )
and using (19), the definition of D3, we find
This gives M, the mass of the medium which passes through unit cross-section of the reaction zone per unit time. V0 is the specific volume of the original reactant, and MV0 is the velocity of movement of the reaction zone relative to the unreacted medium. To obtain the relation between e and T through the flame, the value of M from (23) would be used in the solution (22). By solving a quadratic the solution can be written as an explicit function e =f(T).
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In using this equation and similar ones which we shall obtain later, one point must be noted. The gas constant R appears from two sources; as equation of state of the gas, it has to be in the unit (unit of pressure) x (unit of volume) unit of tem perature of a mole of gas.
In other words, R is in the appropriate mechanical units. The activation energy A is conventionally given in heat units, as calories, so the R associated with the A is in heat units, calories per mole per degree. To prevent possible confusion, we have w ritten all the formulae in terms of R and A/R, which has the dimensions of tem perature. Case (I) can be treated similarly, and if we make a further small approximation the answer can be w ritten in terms of functions which are as simple as in the case we have just discussed. The accurate relation between e and T is 
This can be integrated exactty, the answer involving the exponential integral, which is a tabulated function. An approximate solution, from which the behaviour is more obvious, can be obtained by replacing T in the num erator by This approximation cannot be a serious source of error, since in any case the representa tion of the reaction rate as B e~AfRT is itself an approximation which may not be very close at the temperatures involved. Moreover, the exponential integral of the accurate solution can be expanded in an asymptotic series which shows th a t the error is of the order of a few per cent for the values of RTm w hich we shall consider.
Making this approximation, then, the integration proceeds as before, and the equation for the rate of burning is
The presence of a factor (1 -e)2 in the case (II) equation makes its treatment more complicated. The method is the same as before. The exact equation is 
The exponential integral has been tabulated in several places.
Substituting in the T -Tm term of (30),
This solution satisfies the boundary condition at but not necessarily at the beginning of the flame. Imposing the condition that 0 when T -P0, gives as the equation to determine M,
Write 6 = r/r/£. The result is
(1 +n)2g1(i/r)-2n{l +n)g2(i/r) + n2 g.d{ft) = ( z ) exP ( -^/^m ) } (37)
where
Simplifying the right of (37) by using the definitions of and D 2, it becomes just ( C T m lQ ) (R T m /A ) ( 1 + n) 2, and (37) becomes
We have tabulated the functions gx, g2 and g3 for th used. These are given in table 1.
(39) is an equation to determine ft, and when its v been determined the value of M is found from
giving
M 2 = \ B 2P 2W2fte x v { -A IB T J /C R 2T 2 m(l+ n
I t should be noted th a t (39) does not contain P, so for a given reaction \Jr is independent of the pressure, and M proportional to the pressure.
The accuracy of the second approximation can be tested by comparison w ith the results of numerical integration. This has been done only for case (II), b u t there is no reason to suppose th a t the results would be any less accurate in other cases; the physical justification for the method of approximation is the same for all. The error seems to depend chiefly on A/ETm; for values near 8, the rate of burning was found to be too low by about 6 %, this varying by 2 to 3 % from case to case. For A/RTm near 5, the rate was too low by an error of 10 to 15 %.
For cases (I) and (III) there is an obvious relation between e and T in the second approximation. In case (II) the result is
For any set of values of A, Trn, Q, C, n, equation (39) gives ijr, which cap be used in (41) to find the T corresponding to any given e. The error in the (e, T) curve is small; comparison with a numerical integration carried out with the accurate M showed th a t e was too large by 3 % a t e = 0-5, and the error was everywhere of the same am ount except at low temperatures. This (e, T) relation can be used to find a value of M which is several per cent better than th a t of the second approximation. For this we choose elt e2c^0-4, 0*6 respec tively, and such th a t i/r/( 1 -ex) and sponding Tx, T2 and hence dejdT a t \{TX + T2). Substitution in the accurate equation of the zone gives M. When the (e, T) relation has been found, it can be used in the equation for the heatconduction (9), to find the values of x corresponding to var the condition, necessary for a physically possible reaction zone, that T -Tm and e = 1 together. I t is immaterial whether this point has a finite or an infinite value of x, though usually the latter is the case. The flame is then theoretically infinite, though most of the reaction takes place within a very small distance of the surface. If e = 1 and T -Tm at a finite value of x, the form of the equations ensures that e and T remain constant for all larger values of x. At distances from the surface which are large compared with the effective thickness of the flame, the gas may be subjected to cooling and subsequent change of composition, but these cannot affect the rate of burning, no m atter whether the flame thickness is finite or not. The only influences which can have any effect on the rate of burning are those which can act in the region where all but a small fraction of the chemical change takes place.
T a b l e 1. F u n c t io n s fo r t h e so l u t io n of t h e c a se (II) e q u a t io
First approximations to the (x, T) relation can be found from the first approxima tion to the (e, T) law.
Cases (I) and {III). The first approximation is (21) or (27), and using this in (9)
with D -Dx or Dz in the two cases. Hence Tm -T and 1 -eb ehave a t large distances like multiples of ex The thickness of the reaction zone is, strictly speaking, infinite.
Case {II). From (31) and (9),
with the solution (1 -e)-1 = £-1 = MD^xjA 4-constant, and an infinite flame thickness.
To get a second approximation in these cases, it is easiest to tabulate e as a func tion of T, given by the appropriate second approximation, and then carry out a numerical integration of CT A
X~ ) T,M{Q(\-e) + C(T-Tm) } '
where Tx is the tem perature a t the arbitrarily chosen origin of x. In all these cases the 'thickness of the flame' is in the first approximation pro portional to A /MD.
Using (23) and (19) for case (III),
In case (I),
4. S e p a r a t io n o f c e r t a in p a r a m e t e r s I t is possible to obtain explicit formulae for the effect of certain of the parameters of the problem by a method which is simple and exact. We take the equations of case (I) as an example:
= M {Q(l-e) + C (T -T m)}l\,
The structure o f the reaction zone in a flam e which can be written as dp
w here/and g are functions of their arguments which are obvious from (43) and (44), and whose precise form will not be needed hereafter. This pair of equations connects e and T with x(B1P W /A)4 and the only parameter left in them is (M2/XB1PW) The boundary conditions fix the values of e and T at two points, where x(B1 P W/A)* has fixed values (0 and oo).
The values of e and T at these points are independent of Bx, P, W, and A; it follows th at the solution of (45) and (46) 
and any particular value of To r e occurs at a value of x(B1PW/X)i only on A, n,Q , C, Tm. In other words, the rate of burning M = (A x function of (A, n, Q, C, Tm), and any dimension (of the reaction zone) which is defined by values of e and T, will be proportional to
The thickness of the complete zone of burning is infinite, but it is convenient to speak of a 'flame thickness', which in this case is proportional to the quantity (48). In particular, the pressure variation of the rate of burning is
The same process can be applied to cases (II) and (III), and the results are
'flame thickness' = -!= (A/jB)* x function of n, Q, C, Tm),
with B -B2 or B3. It will be noticed that the rate of burning is proportional to A* for all three chemical mechanisms. This suggests that the result may be true under more general assump tions. We shall now show that our fundamental equations, without any assumption other than that the conductivity is constant, lead to the results that the rate of burning and the ' flame thickness ' are both proportional to A*.
Equation (4) 
and (5) is
which can be w ritten as
and it follows th a t the rate of burning and flame thickness are proportional to A*.
T h e m e t h o d o f n u m e r ic a l in t e g r a t io n
In § 3 we gave approximate solutions for the equations of the reaction zone. These solutions are easily handled, b u t the method would fail if the equations were sub stantially more complicated, as, for example, if the therm al conductivity were a function of the tem perature. In such a case it would be necessary to solve the equations numerically.
The reaction zone equation is very easily integrated numerically. Consider, for example, case (II), whose equation is (30) of §2 :
( 1 + we)2 This can be integrated by a step-by-step process, for any assumed value of M . Starting from one of the boundary conditions, the solution can be carried sufficiently near to the other extreme tem perature of the reaction zone, to see whether the solution satisfies the other boundary condition. For example, suppose th a t the integration has been started a t the cool side of the flame, where e is practically zero and T -T0. If M is less than a certain critical value, dT/dx becomes negative af a certain value of T has been reached in the integration, is still positive, so th a t beyond the point where dT /dx = 0, e continues to increase b u t T decreases and never attains Tm. This is not a physically satisfactory form for the reaction zone, for it does not have the essential feature of the actual zone, th a t the tem perature rises to the value corresponding to complete reaction. For large M the solution has the property th a t de/dT is so small th a t when the solution has reached Te has not attained the limit value 1. This solution, too, is not physically satisfactory. There is one value of M for which the corresponding solution e = 1 a t
Tm. This solution is the true reaction zone which would be set up in steady burning (if our equations were exact descriptions of the phenomena).
Steps of 100° C have been found convenient for the integration of the differential equation. I f the solution is started from the hot side of the flame, the first approxi m ation is used until a stage has been reached a t which it is possible to use the differ ential equation. There are points in favour of each end as the commencement of integration, but for case (II), for which our numerical computations were carried out, it has been found better to start a t the low tem perature side.
The advantage of numerical integration, finding M by trial and error, is th a t it can be used whatever the form of d e / d T. The only practica is th a t it is essential to work the calculation with T as the independent variable; if e were used as the independent variable slight errors in guessing T for the n arc would lead to large errors in dT/de (because of the presence of e~A/RT), and the arc would have to be reworked a large number of times.
Cho ic e o f t h e r m a l c o n d u c t iv it y
In the theory of § 2, A has been taken as a constant. In numerical integrations on the burning of nitrate esters it has been found th at a simple mean value gives practically the same rate of burning as the actual conductivity which varies through the reaction zone.
The thermal conductivity is a function of e and T. For low pressures it is in dependent of the pressure. I t is usual to represent the temperature dependence by
where C' depends only on the nature of the gas, and for nitrogen and gases of similar molecular weight is about 100. The agreement with the observations is better at high temperatures than a t low. Tests with a A depending on temperature in this manner ( C' = 100) showed th at this was equivalent to a constant conductivity whose value was th at appropriate to a temperature somewhat above the middle of the temperature range encountered in the flame zone.
The conductivity a t any point depends on the composition of the gas at th at point, th at is, on e. The reactant has a higher molecular weight than the final products, and its conductivity is less. For organic vapours such as benzene, A at 0° C is about 2-5 x 10~5 cal./sq.cm./sec. per (° C/cm.), which is about half th at of the final products a t the same temperature. Assuming C' = 100 this would make their A (at 2000° K) = 0-92 x 10~4. Numerical solutions have shown th at it is sufficiently accurate to take an average of the initial and final conductivities, when calculating rates of burning by using a theory with constant A. Of course the (e, T, x) relations are not reproduced by a constant conductivity, but this is usually not of any great importance, and the error is not large.
D is c u s s io n
The chief result of the foregoing analysis is that we have obtained formulae which give the flame velocities in terms of the reaction velocity constants, the specific heat and heat conductivity for the three simple cases considered. These cases were: a unimolecular reaction with velocity given by equation (29), a bimolecular reaction given by equation (40), and a quasi-bimolecular reaction given by equation (23), the effect of diffusion being neglected compared with th at of heat conductivity in all cases. The actual formulae are only approximations, but the approximation is one in which higher order terms are neglected in a purely mathematical method of solving the accurate physical equations. The error due to this approximation in some actual cases solved exactly by numerical integration has been found to be from 5 to 15 %. This is negligible compared with the degree of uncertainty in any initial data at the present stage.
The analysis also provides the dependence of the composition and temperature on the co-ordinate perpendicular to the flame front, to a corresponding degree of accuracy. This would give any conventional measure of the flame thickness which it is desired to make. 'Flame thickness' always depends on an arbitrary convention, since theoretically the variations of composition and tem perature extend an infinite distance. The analysis shows th a t all particulars of the flame structure can be found to about the above degree of accuracy. I f the same models are considered bu t with more detailed knowledge of certain properties the problem could still be solved by direct numerical integration coupled with a trial and error process for the velocity. Hence for such simple reaction systems there are no uncertainties in the theory, only detailed difficulties in the numerical work.
The qualitative aspect of the results can be summed up by stating th a t the mass flame velocity is proportional to the product of the square roots of the heat con ductivity, the density, the reciprocal of the specific heat, and the reaction velocity near the final tem perature. Hence if the homogeneous reaction velocity varies as (pressure)** the mass flame velocity will vary as (pressure)*(n+1), giving p* for a unimolecular reaction or p for a bimolecular reaction.
In conclusion we may restate our general view th a t there are no real subtleties in the quantitative theory of flames but there are very great m athem atical com plexities.
This work was carried out for the Ministry of Supply during 1941; the authors wish to thank Professor Sir John Lennard-Jones, F.R.S., for his helpful advice and encouragement, both a t th a t time and later. They are also indebted to the Chief Scientist, Ministry of Supply, for permission to publish.
A p p e n d i x
Validity of the ' local t e m p e r a t u r e' the reaction zone
We assume th a t the molecules are activated by collisions with other molecules, and th a t the rate of activation a t any point depends on the tem perature at that point o n l y , just as if the gas were in a large container a t th a t uniform tem perature. In other words, we assume th a t the mean free path of the molecules is much smaller th an the thickness of the effective reaction zone. The Maxwell mean free path is S. F. Boys and J. Corner 7r2i(diameter of molecule)2 (no. of molecules per cm.3) * The diameter of the molecule is of order 2 to 3 A. Let P atmospheres be the pres sure. Taking 2000° K as the tem perature in the most im portant zone of a typical flame, we find th a t l is of the order 10~4/P cm. Hence, for our assumption to be valid, the effective breadth of the reaction zone m ust be greater than 10_3/P c m .
